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Modeling Discontinuous Axisymmetric
Active Optical Membranes
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and

Gregory S. Agnes†

Air Force Institute of Technology, Wright–Patterson Air Force Base, Ohio 45433

An active optical membrane is modeled as a laminate of in� atable structural material and piezopolymer sheets.
Etching the electrode surfaces of each layer allows for selective actuationareas, which can be used to control surface
regions independently. The analytical solution to a simpli� ed axisymmetric system is discussed. The method of
integral multiple scales is applied to the axisymmetricactive membrane model and is studied. Results for both static
and dynamic formulationsare presented and indicate such a laminate can effectively de� ect an optical membrane.

Nomenclature
A = circumferential cross-sectionalarea
[C]n £ n = system damping matrix
c1; c2 = axial, transverse speed of sound
D = � exural ridigity
d31; d32; d3r = piezoelectricconstant
fd.t/gn £ 1; fdu.t/gn £ 1; = displacement vector
fdv.t/gn £ 1

E = Young’s modulus
E H = radial stiffness
E H²r = radial stiffness prestrain component
E H²µ = hoop stiffness prestrain component
E Z = radial stiffness prestrain/

unsymmetric component
E Z² = hoop stiffness prestrain/

unsymmetric component
g = independent variable
H = total laminate thickness
K .µ/ = torsional edge spring (can vary

with µ )
[K]n £ n = system mass matrix
L = Lagrangian
[M]n £ n = system mass matrix
Ni = initial axial load
Nr = radial tension
Nrz = tension component due to

unsymmetric laminate
Nrµ = cross tension component
Nµ = hoop tension
fN.x/g1 £ n ; fNu.x/g1 £ n; = shape function vector
fNv.x/g1 £ n

q = order
R = circular membrane radius
r; µ; z = cylindrical reference axes
T = kinetic energy
Tn = timescales
t = time
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U; Z = continuousZernike modes
u; v; w = displacements
V = applied voltage
V = integration volume
V = potential energy
NV = discrete Zernike mode
y = maximum power
N® = thermal constant
f¡gn £ 1 = system forcing vector
± = detuning parameter
² = elastic strain
²0 = prestrain
´; »; ³ = spatial scales
Ń2 = speed ratio
º = Poisson’s ratio
ºi ; ¸i = eigenvector/eigenvalue pair
Nº = variance
½ = beam material density
¾ = stress
¾0 = prestress
Ä = center frequency

Subscripts

q = order notation
; g = derivative with respect to variable g

Superscripts

c = composite asymptotic solution
T = transpose
ˆ = dimensional value

Introduction

I NFLATABLE space structures are the focus of current research
due to launch volume and weight constraints.The inherent com-

pliance of such materials, however, appears to limit the precision
such a structure can maintain. A re� ector’s allowable error can be
related to the wavelength of the energy being re� ected. An opti-
cal re� ector, assuming state-of-the-art adaptive optics techniques
are implemented, requires a surface precision on the order of mi-
crometers (Ref. 1). Couple this surface precision requirement to
the large re� ective area (»100 m2) and the extremely thin, � exible
structural material (»100 ¹m), the modeling of this system proves
challenging.

Current modeling techniques applied to in� atable re� ectors in-
cludeanalyticaland � nite element approaches.2 Analyticalmethods
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provide great insight into the behavior of the system but quickly
break down when a system of realistic complexity is examined.
Approximationmethods,suchas � nite elements,providereasonable
solutions for complex systems beyond the capabilitiesof analytical
methods. Finite element methods, when applied to in� atable struc-
tures, tend to be troublesome due to the large-scaledifferences and
structural compliances involved. When applied to optical re� ec-
tors, these methods are pushed beyond their limits. To counter these
problems, very dense grids involving a large numbers of degrees of
freedom are required. An approximation method with the � exibil-
ity of � nite elements, but without the overhead resulting from its
application to in� atables, is needed.

This paper is the fourth in a series introducinga new methodology
that may be useful in the analysisof weaklynonlineardiscontinuous
systems. The � rst two papers presented the analytical development
of a laminated piezoelectric membrane model. The analytical de-
velopment, however, was limited to continuous systems. The third
paper introduced the method of integral multiple scales (MIMS) as
a method to model discontinuous dynamic systems with extreme
high precision.3¡5

This method,when used in a � nite element formulation,provides
an improvedapproximationmethod for analysisof in� atableoptical
re� ectors. The necessary elements of the analytical solution of the
selectedproblemare recalled,and MIMS is appliedherein to an axi-
symmetric, two-dimensional, piezothermoelastic, laminated-plate
model representing an axisymmetric active optical membrane.

Note that the notationused in this paperwas requiredto condense
the extremely largemathematicalpresentationwithout lossof detail.
The notation, in general, follows the rule

M;x y D @2 M

@x@y
(1)

where M is the dependentvariableor functionand the variables fol-
lowing the comma in the subscript indicates partial differentiation.
Additionally, asymptotic expansions are similarly expressed as

Mi;x y D @2 Mi

@x@y
(2)

where the numeric value before the comma in the subscript indi-
cates the asymptoticorder of the dependentvariableor function, for
example, M2 » O."2/. Also, the order of operationsof the subscript
notation is before the exponential operator as

M2
i;x y D

³
@2 Mi

@x@y

´2

(3)

Laminated Piezothermoelastic Plate Membrane
Beam-string is accepted nomenclature for a beam model that has

such low bending stiffness that bending due to localized forcing re-
sults in localizedcurvaturedue to the high complianceof the system
being modeled. Similarly, a very thin membranelike system can be
modeled as a plate-membrane, where low bending stiffness results
in localized effects. To develop the necessary fundamental equa-
tions used in this two-dimensionalanalysis, a system Lagrangian is
needed.

Potential Energy
The potential energy of an elastic, circular plate (radiusD R),

with a torsional edge spring can be de� ned using the strain energy
representation6
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where the material’s modulus matrix [E] in a state of plane stress
can be represented as
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The addition of a torsional spring constant OK . Oµ/ at the edge of
the plate allows for variable boundary conditions.The caret is used
throughoutto indicatethevariableis considereda dimensionalvalue
(prenormalization).

If we consider the radial, tangential,and transversede� ections of
a thin, circular plate are representedas Ou, Ov and Ow, respectively, the
general strain formula7 in a cylindricalcoordinateframe of the neu-
tral plane in the state of plane stress, neglecting in-plane quadratic
terms, is
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where, if we assume through-the-thickness shear is linear during
deformation,a representationof the strain � eld through the laminate
can then be derived as
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When Eq. (8) is applied to Eq. (4), the system’s potential energy
can be derived:
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To clarify, here Ou, Ov, and Ow are the displacements measured in the
Or , Oµ , and Oz coordinate frame.

Kinetic Energy
When rotatory inertia is neglected, the plate’s kinetic energy can

be represented as
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Lagrangian
Equations(4–10)can now be usedhere to derivethe unscaledsys-

tem Lagrangian of laminated piezothermoelasticplate membrane:
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Integrate through the thickness using
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The three-dimensional plate is effectively collapsed to a two-
dimensional system. Note that, if the laminate is symmetric and
all measurements are with respect to the neutral axis, then ON Or Oz D 0.

Analytical Solution
An analytical solution is possible for a continuous axisymmetric

membrane.The results are presentedin detail by Rogers and Agnes8

and are summarized here. Each layer can have independent elastic,
thermal, and piezoelectric properties. Again, elastically isotropic
materials in each layer are assumed. When axisymmetry is assumed
in loading, boundary conditions, etc., the system can be collapsed
into a one-dimensional system.

As a result of the material properties concerned and the scaling
choices used, it was shown that the in-plane equations decouple
fromthe transverseequationsthroughthe � rst few asymptoticlevels.
Therefore,only the transversesystemwas discussed.When dynamic
behavior was neglected, the system was solved using a two-level
matching scheme resulting in the following composite solution to
O."4/:
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where

» D .1 ¡ r/=" (14)

The numeric subscripts representnotationalelements indicatingthe
term’s order relative to the parameter ".

Figure 1 shows the transverse de� ection of a piezoelectric lami-
nate plate membrane with a pressure differential and axisymmetric
edge conditions. This laminate has a 15 cm diameter, simple two-
layer constructionwith a layer of Kapton® and a layer of polyvinyl-
idine � uoride (PVDF) with the properties listed in Table 1.

An actuation potential corresponding to Od31
OV D ¡5 £ 10¡10 m

applied through prestrain [Eq. (5)] causes a signi� cant deviation in
the center portion of the plate accounting for several wavelengths
of visible light. Optical metrology is often concerned with circu-
lar wave fronts. Because of the small de� ections concerned in this
analysis, advantageoususe of techniques developed for wave front
analysis will be used. Figures 2 and 3 show the change in the re-
� ectedwave front.BothFigs. 2 and3 presenttheZernikecoef� cients
for modes less than 16. Zernike functions provide an excellent al-
ternative for viewing actual surface shaping effects. The Appendix
presents a short overview and graphic illustration of the Zernike
functions.

Figure 2 indicates, as expected, the re� ected wave front is dom-
inated by the axisymmetric modes. Figure 3 is the change in the
wave front due to actuation, which is axisymmetric because bidi-
rectionalmaterial propertieswere assumed.The effectiveboundary-
layer region is approximatelyO.

p
"/, as expected from the original

Table 1 Material properties

Property Kapton Bidirectional PVDF

Modulus E , GPa 2.8 1.8
Thickness H , ¹m 100 50
Poisson ratio º 0.34
CTE ®, ¹m/m ¢ ±C 30 140
Density ½, g/cm3 1.42 1.79
Piezocoef� cient d3i , pC/N ¡16
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Fig. 1 Axisymmetric plate de� ection (nondimensional).

Fig. 2 Axisymmetric plate Zernike deviation.

Fig. 3 Piezoelectric actuation effect.

mathematical foundationand is consideredto have a small effect on
the membrane away from this region.

This solution provides insight into the mechanical behavior of
a membrane illustrating the localized curvatures inherent in such
a compliant system. The analytic solution, however, is unable
to model discontinuous properties throughout the membrane that
would be present in an active membrane using spatially distributed
electrode regions. A � nite element method could provide effec-
tive modeling of the discrete system if the resulting precision was

adequate for optical applications.The MIMS introducedby Rogers
to derive an asymptotic � nite element model can satisfy these
requirements.5

Finite Element Modeling
The analytical approach already discussed derives the equations

ofmotion,non-dimensionalizesandscalesthem, thenappliespertur-
bation methods to yield a solution.When MIMS is used, an asymp-
totic system of � nite element equations can be produced that can
provide the desired solution.5 When MIMS is used, the equationsof
motion derivation is bypassed to arrive at a solution that also allows
for more complex analysis through the application of � nite ele-
ments. To perform a perturbation analysis of this system properly,
the Lagrangian must � rst be nondimensionalized. When axisym-
metric propertiesare applied to Eq. (11) and the � rst-order pressure
terms are inserted, the axisymmetric Lagrangian is formulated,
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These parameters were chosen assuming symmetric edge loading
and bidirectional thermoelectric properties.

To perform a perturbation analysis of this system properly, the
system must be put in nondimensional form. The following nondi-
mensional parameter scaling rules are used:
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¡
c2

2

¯
R2

¢
Ot 2

r¤2 D .D=R2 dE H / Ń2; Ń2 D c2
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where c1 D
pdE H= O½ OH and c2 D

p ONOr = O½ OH are the in-plane and
transverse speeds of sound in the plate.

When Eqs. (12) and (19) are substituted into Eq. (15) and the
spring edge conditions, that is K .µ/ D 0 are neglected, the scaled
Lagrangian becomes
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The boundary-layer areas are introduced through the stretching
variables (or spatial scales):
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The resulting Lagrangian is now a multiple scales representation
that includes the boundary region effects. In a continuous mem-
brane, an analyticalsolutionmay be possiblewhere the inner scale »
should disappear leaving a solution similar to Eq. (13). The purpose
of this analysis, however, is to produce a solution for a discontinu-
ous membrane laminate. To developa � nite element representation,
the independent variables can be replaced by the assumed shape
function set and the unknown nodal displacements:

u.r; t/ D fNu.r/gfd.t/g; v.r; t/ D fNv .r/gfd.t/g

w.r; t/ D fN.r /gfd.t/g (25)

Rogers5 demonstrated the advantageof assuming shape function
and displacementexpansionsat this level of the analysis, and that is
done here also. Substituting the expansions (introducing temporal
scaling)

t D !¿ (26)

Tn D "n¿ (27)

! D !0 C "!1 C "2!2 C ¢ ¢ ¢ (28)

N.´; »; ³ I "/ D N0.´; »; ³ / C "N1.´; »; ³ / C ¢ ¢ ¢ (29)

Nv .´; »; ³ I "/ D Nv0.´; »; ³ / C "Nv1.´; »; ³ / C ¢ ¢ ¢ (30)

Nu.´; »; ³ I "/ D Nu0.´; »; ³/ C "Nu1.´; »; ³ / C ¢ ¢ ¢ (31)

d.tI "/ D "2d2.t/ C "3d3.t/ C "4d4.t/ C ¢ ¢ ¢ (32)

dv.tI "/ D "3dv3.t/ C "4dv4.t/ C "5dv5.t/ C ¢ ¢ ¢ (33)

du.tI "/ D "3du3.t/ C "4du4.t/ C "5du5.t/ C ¢ ¢ ¢ (34)

w.´; »; ³; tI "/ D N.´; »; ³ I "/d.tI "/ (35)

v.´; »; ³; tI "/ D Nv.´; » ; ³ I "/dv.tI "/ (36)

u.´; »; ³; tI "/ D Nu.´; »; ³ I "/du.tI "/ (37)

where !0 D 1, because the original system was effectivelyscaled by
O!0, into Eq. (20) produces a multiple scales Lagrangian expansion.
Separating the resulting expansion into "-order groupingsproduces
a Lagrangian expansion:

LL D "¡2LL¡2 C "¡1LL¡1 C LL0 C "LL1 C "2LL2 C ¢ ¢ ¢ (38)

Selecting the order of precision is equivalent to selecting an el-
ement in the energy expansion. Applying Euler’s equations to the
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selected Lagrangian element produces the system of � nite element
equations to produce the desired solution. The functions produced
through the application of Euler’s equations to LLn exists in the set
of functions produced through the application of Euler’s equations
to LLm , where m > n.

Similar to observations made in the analytical approach, the in-
plane displacementsare negligible to the order in this analysis, LL2.
Additionally, the axial displacements are not present in the trans-
verse displacement equations at the level of expansion presented.
Therefore, the in-plane displacementswill not be considered in the
remaining portion of this axisymmetric membrane analysis.

The system matrices can be calculated by applying either of the
asymptotic shape functions previously presented.5 The cubic C1

shape function expansion is repeated here for clarity:

NT D

0

BBBBBBB@

N1

N2

N3

N4

N5

N6

1

CCCCCCCA

D

0

BBBBBBB@

1 ¡ 5´ C 8´2 ¡ 4´3

0

´ ¡ 4´2 C 4´3

0

4´ ¡ 4´2

¡2´ C 6´2 ¡ 4´3

1

CCCCCCCA

C "

0

BBBBBBB@

5 ¡ 26´ C 44´2 ¡ 24´3 ¡ 5e¡» C e¡³

1 ¡ 5´ C 8´2 ¡ 4´3 ¡ e¡»

¡1 C 10´ ¡ 28´2 C 24´3 C e¡» ¡ 5e¡³

¡´ C 4´2 ¡ 4´3 C e¡³

¡4 C 16´ ¡ 16´2 C 4e¡» C 4e¡³

2 ¡ 12´ C 24´2 ¡ 16´3 ¡ 2e¡» C 2e¡³

1

CCCCCCCA

C "2

0

BBBBBBB@

26 ¡ 140´ C 248´2 ¡ 144´3 ¡ 26e¡» C 10e¡³

5 ¡ 26´ C 44´2 ¡ 24´3 ¡ 5e¡» C e¡³

¡10 C 76´ ¡ 184´2 C 144´3 C 10e¡» ¡ 26e¡³

1 ¡ 10´ C 28´2 ¡ 24´3 ¡ e¡» C 5e¡³

¡16 C 64´ ¡ 64´2 C 16e¡» C 16e¡³

12 ¡ 72´ C 144´2 ¡ 96´3 ¡ 12e¡» C 12e¡³

1

CCCCCCCA

C "3

0

BBBBBBB@

140 ¡ 776´ C 1424´2 ¡ 864´3 ¡ 140e¡» C 76e¡³

26 ¡ 140´ C 248´2 ¡ 144´3 ¡ 26e¡» C 10e¡³

¡76 C 520´ ¡ 1168´2 C 864´3 C 76e¡» ¡ 140e¡³

10 ¡ 76´ C 184´2 ¡ 144´3 ¡ 10e¡» C 26e¡³

¡64 C 256´ ¡ 256´2 C 64e¡» C 64e¡³

72 ¡ 432´ C 864´2 ¡ 576´3 ¡ 72e¡» C 72e¡³

1

CCCCCCCA

C O."4/ (39)

Figure4 shows the behaviorof theseshapefunctions.These shape
functions are as a result of selecting an " value of 0.1. This value
is extremely large but provides a better illustration of the boundary
region effects.

When the cubic C1 shape functions are applied and simpli� ed,
the resulting system, with modal damping terms added, is

M0d2;00 C K0d2 D ¡¡0 (40)

M0d3;00 C K0d3 D ¡¡1 ¡ .2!1M0 C M1/d2;00 C M0d2;01

¡ K1d2 ¡ C1d2;0 (41)

M0d4;00 C K0d4 D ¡¡2 ¡ .2!1M0 C M1/d3;00 C M0d3;01

¡ K1d3 ¡ C1d3;0 ¡ M0

£
d2;11 C 2d2;02 C 4!1d2;01

C
¡
!2

1 C 2!2

¢
d2;00

¤
¡ 2M1.!1d2;00 C d2;01/

¡ M2d2;00 ¡ K2d2 ¡ C1d2;1 ¡ C2d2;0 (42)

Fig. 4 Cubic C1 shape functions, " = 0.1.

The volumetric Lagrangian integral was reduced by integrating
through the thickness to the following in cylindrical coordinates:

Z

A

dA D
Z

A

r dµ dr (43)

However, with axisymmetric assumptions, it becomes
Z

A

dA D 2¼

Z

r

r dr (44)

which results in the following multiple scales integral:
Z r2

r1

f .r/r dr

D
Z .r2 ¡ r1 /="

0

Z .r2 ¡ r1/="

0

Z r2

r1

f .´; »; ³ I "/´ d´" d»" d³ (45)

For simplicity of notation, the following notation will be used to
represent the multiple scales integral:
Z

ms

f .´; »; ³ I "/ dms

D
Z

.r2 ¡ r1 /="

0

Z
.r2 ¡ r1/="

0

Z r2

r1

f .´; »; ³ I "/´ d´" d»" d³ (46)

The system stiffness matrices can now be computed through the
following:

K0 D 2¼

Z

ms

£
GT

1 G1 C FT
1 F1

¤
dms (47)

K1 D 2¼

Z

ms

£
GT

1 G2 C GT
2 G1 C FT

1 F2 C FT
2 F1

¤

C 1

´
D12

£
GT

1 F1 C FT
1 G1

¤
dms (48)

K2 D 2¼

Z

ms

£
GT

2 G2 C GT
1 G3 C GT

3 G1 C FT
2 F2 C FT

1 F3 C FT
3 F1

¤

C 1

´
D12

£
GT

1 F2 C FT
2 G1 C FT

1 G2 C GT
2 F1

¤

C 1
´2

£
GT

1 G1

¤
¡ E H²2

£
GT

1 G1

¤
dms (49)

where

Fi D [Ni;»» C Ni;³ ³ ¡ Ni;»³ C 2.Ni ¡ 1;³ ´ ¡ Ni ¡ 1;»´/ C Ni ¡ 2;´´]

Gi D [Ni;» ¡ Ni;³ ] C Ni ¡ 1;´] (50)
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The system mass matrices are computed through

M0 D 2¼

Z

ms

£
NT

0 N0

¤
dms (51)

M1 D 2¼

Z

ms

£
NT

0 N1 C NT
1 N0

¤
dms (52)

M2 D 2¼

Z

ms

£
NT

1 N1 C NT
0 N2 C NT

2 N0

¤
dms (53)

The forcing vectors are similarly produced:

¡0 D 2¼

Z

ms

¡PNT
0 dms

¡1 D 2¼

Z

ms

£
.Nz3 ¡ E Z²3/FT

1 ¡ PNT
1

¤
dms

¡2 D 2¼

Z

ms

µ
.Nz3 ¡ E Z ²3/

³
FT

2 C
1

´
GT

1

´
¡ PNT

2

¶
dms (54)

As seen in the analytical solution, the actuation manifests itself
through an axial strain term E H²2 and a boundary moment term
E Z²3 , which are evident here. The axial term modi� es the system
stiffness, and the boundary term acts as an applied forcing term.
This system can be used to analyze systems whose solutions are
unattainable through analyticalmethods.

Results
Two piezoelastic laminated membrane patterns are considered

and shown in Fig. 5 with the properties in Table 1. The � rst pattern
consists of an electrode etching equally splitting the radius. The
secondpatternhas three concentricelectrodeetchingsof equalradial
lengths.More etching patterns are obviouslypossible,but these can
provide the necessary initial insight for more complicated design
considerations.These patterns will indicate the effect of increasing
the electrode area as well as providing concentric rings of potential
surface allowing different potentials. Both shaping and dynamic
response studies can be performed.

Shaping
The use of Zernike coef� cients is a good mechanism to compare

the effects of shape modi� cations. Because of the extremely small
displacements present in the membranes modeled, a re� ected wave
front aberration can be approximatedas twice the surface displace-
ment. In the Appendix, the mapping method between wave front
aberrations and Zernike coef� cients is discussed.

Several con� gurations are presented in Table 2, where the sign
indicates the relative voltage potential in each area. Figure 6 shows
the result of the piezoelectric effects when con� guration 0 is con-
cerned. With a continuous electrode, this model can be compared
to the analytical solution discussed earlier.

Fig. 5 Piezoelastic laminated membrane etching patterns.

Table 2 Membrane con� gurations

Con� guration Pattern Area a Area b Area c

0 1 C C
1 1 0 C
2 2 0 C C
3 2 0 C ¡
4 2 0 C 0

Fig. 6 Con� guration 0: unpressurized displacement.

Fig. 7 Con� guration 0: grid density effects.

The selectedgriddensity,as in any � niteelementmethod,playsan
important role in the accuracy of the solution. Figure 7 presents the
result of increasing the number of elements applied to a pressurized
membrane. It is clear that increasing the number of elements im-
proves the apparent solution, as expected. With only two elements,
the model is already close to the analytical solution. Increasing the
grid density provides results progressively closer to the analytical
solution. It is dif� cult to see the difference as the grid density is
increased. Figure 8 presents the boundary region effects. As the
grid density increases, the model can more closely represent the
curvature at the edge of the membrane.

Figure 9 shows both the advantage and disadvantage of this
method. The standard deviation of the error (relative to the ana-
lytical solution) across the radial section of the solution is plotted
against grid density. The method provides very good results with a
very coarse grid pattern and approachesthe analytical solution in an
asymptoticsense.At a point, the accuracybegins to divergefrom the
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Fig. 8 Con� guration 0: edge grid density effects.

Fig. 9 Con� guration 0: boundary-layer grid density limitations.

desired solution. The element ² represents the thickness-to-length
ratio of the element. As the boundary region expands within the
element, a point is reachedwhere the solutionmethod breaks down.
However, the initial assumption that " ¿ 1 has been violated, and
the method will not produce accurate results.

The effects are found to be directly proportional to the voltage
applied. Regardless of pattern selected, increasing tension tends to
reduce the effectiveness of the actuator. This is expected, based on
previously published analytical and experimental results.9

Figure 10 shows the extension of this approach to discontinuous
electrode coverage con� gurations 1–4. The surface displacements
clearly indicate the localized effects. Figure 11 shows the effec-
tive differencebetween each con� gurationunder a 2000-lb/in. (3.5-
kN/m) tension load and applying a potential of d3r V D 10¡8. The
effect of pattern placement seems to have greatest effect on Zernike
modes 1 and 13.

Natural Response
Figure 12 shows the effects edge tension has on the dynamic

behavior of the laminate. The tension values span the expected
values of such a system. Figures 12b and 12c show the effects
of varying edge tension on the natural frequencies. Because the
tension has a direct effect on the natural frequency, these are nor-
malized to the fundamental mode. As the tension is increased, the
frequenciesapproach the correspondingpure membrane modal fre-
quencies. Figure 12b presents the normalized frequency, whereas

Fig. 10 Unpressurized piezoactuated displacement shapes.

Fig. 12c represents the ratio of the computed frequencies to pure
circular membrane frequencies. This is expected because, as the
tension gets very large, the “smallness” parameter in the analysis
approaches zero. This, in effect, eliminates the platelike behavior,
leaving purely membrane response. Figure 12a shows the effects of
varying edge tension on the dynamic mode shapes. Notice similar
results to those discussed in the preceding section. Edge tension
changes will have negligible effects over the global wave front but
signi� cant effect on vibration frequency.

Forced Response
The forced response of an unpressurized membrane mirror is of

particular interest. When the frequency expansion !i is removed,
the system becomes

M0d2;00 C K0d2 D ¡ O¡0 (55)

M0d3;00 C K0d3 D ¡ O¡1 ¡ M1d2;00 ¡ 2M0d2;01 ¡ K1d2 ¡ C1d2;0

(56)

M0d4;00 C K0d4 D ¡ O¡2 ¡ 2M1d3;00 ¡ 2M0d3;01 ¡ M2d2;00

¡ 4M1d2;01 ¡ M0d2;11 ¡ 2M0d2;02 ¡ C1d3;0 ¡ C2d2;0

¡ C1d2;1 ¡ K1d3 ¡ K2d2 (57)

where periodic excitation is applied producing

O¡0 D 0 (58)

O¡1 D ¡1 exp[i.Äk T0 C ±T1/] (59)

O¡2 D ¡2 exp[i.Äk T0 C ±T1/] (60)

and the mass, stiffness, and damping matrices are as de� ned earlier.
When periodic response

dm D amºm .T1; T2; : : :/ exp.iÄT0/ (61)

is assumed, Eq. (55) represents a linear eigenvalueproblem:

[K0 ¡ ¸M0]º2 D 0 (62)

where ¸ D Ä2. Solutions to this equation are a set of eigenvalue,
modeshapepairs (¸ j ; º2 j ) thatde� ne the � rst-ordernaturalresponse
of the system.When this result is applied to the next level [Eq. (56)],
the solution can can be attained.

Inserting Eq. (61) into Eq. (56)

a3[K0 ¡ ¸M0]º3 exp.iÄT0/ D ¡¡1 exp[i.Äk T0 C ±T1/]

¡ a2[K1 C iÄ j C1 ¡ ¸ j M1]º2 j exp.iÄ j T0/

¡ 2ia2Ä j M0º2 j;1 exp.iÄ j T0/ (63)
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Fig. 11 Con� guration Zernike coef� cient comparisons.

a)

b)

c)

Fig. 12 Mode shape Zernike changes.

For this system to balance correctly, Ä D Ä j D Äk , removing all
but thekth mode from the � rst-ordersolution.The resultingequation
becomes

a3[K0 ¡ ¸kM0]º3 D ¡¡1 exp.i±T1/ ¡ a2[K1 C i!kC1 ¡ ¸k M1]º2k

¡ 2ia2!k M0º2k;1 (64)

Furthermore, º 2 j can only be a function of T1 through the relation-
ship

º2k D Oº2k .T2/ exp.i±T1/ (65)

for the system to balance correctly, which leaves

a3[K0 ¡ ¸k M0]º3 D ¡¡1 ¡ a2[K1 C i!k C1 ¡ ¸k M1 ¡ 2±!k M0]º2k

(66)

The right-hand side must lie in the null space of the adjoint of the
left-handside.Because the left-hand side is self-adjoint,this simply
means the right-hand side must be orthogonal to the solutions from
Eq. (62):

ºT
2k.¡1 C a2[K1 C i!kC1 ¡ ¸kM1 ¡ 2±!kM0]º 2k / D 0 (67)
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Fig. 13 Membrane forced response (damping effects).

The only unknown here is the amplitude of the � rst-order
response:

a2 D
¡ºT

2k ¡1

ºT
2k [K1 C i!k C1 ¡ ¸k M1 ¡ 2±!k M0]º2k

(68)

When this value is applied back into Eq. (66), the right-hand
side now resides only in the space remaining after removal of º2k .
Because the left-hand side of Eq. (66), with ¸k , spans all but the
space of º2k , there is a unique solution. This equation becomes

a3[K0 ¡ ¸kM0]º 3 D B1 (69)

where B1 is the constant vector resulting from the insertion of the
known a2 into Eq. (66). Solving for the a3 terms produces the con-
tributory responses of each mode other than !k . When this method
is used, the forced response can be approximated.

When this is applied to the earlier described unpressurizedmem-
brane, Fig. 13 shows an effective shift of the � rst mode, regardless
of damping.The dampingvalueswere chosen to illustratethe effect,
not imply actual known values.

Additionally, it is clear signi� cantly higher de� ections are pos-
sible dynamically than statically. This could imply a piezopoly-
mer laminate with limited effect for static shape corrections
due to the local effects it produces dynamically can provide a
signi� cant response. This indicates a laminate design may en-
able active vibration control over the large surface area of the
re� ector.

Conclusions
This paper presented the application of the MIMS to axisym-

metric laminated piezothermoelasticplate membranes. MIMS was
applied through a � nite element methodology producing results
for systems more complicated than the analytical method can sup-
port. The analytical solution was presented illustrating the limita-
tions of such methods. Although some discontinuity was modeled
in the form of through-the-thickness laminate properties, the sys-
tem must be layerwise continuous, not allowing uneven electrode
coverage. The MIMS � nite element solution of the axisymmetric
circular membrane was developed, which allowed partial electrode
coverage.The partial coverage allows design � exibility to tailor the
distribution as desired.

The results indicate a laminate of piezoelectric polymer material
adhered to the nonre� ective surface of an in� atable optical re� ector
can have a signi� cant effect on the wave front being measured.
Several wavelengths of actuation are possible, providing a small
amount of shape control. The areas of electrode coverage can be
designed to provide the desired controllability. Additionally, this

laminate also appears to be a good candidate for active vibration
suppression of these materials.

The MIMS methodology, when applied through a � nite element
approach, appears to show promise for systems that exhibit local-
ized behavior such as boundary regions. When this procedure was
used, the boundary region effects were captured without the need
for large grid densities. When the MIMS methodology is used, a
more ef� cient modeling capability might be created allowing more
complex analysis in a signi� cantly reduced time period.

Appendix: Optical Modes
Optical membrane re� ectors are often analyzed from a purely

structuralpointof view. From a systemsview, the structuralresponse
is important,butonly to theextentthat it impacts theoverallmission.
An optical re� ector, whether a thin membrane or a glass mirror, is
only as good as the wave front produced. Mechanical analysis of a
circular membrane includes the dynamic vibration modes, whereas
an optical analysis would include the wave front aberrations.

A common mathematical wave front de� nition using a series of
orthogonalZernike functionsis presented.A section is also included
that presents a method to map structural shapes to these Zernike
functions. A direct mapping is only available for continuous func-
tions.When intermediatefunctions,based on Zernike functions,are
used, the mapping can be accomplished.

Optical Modes
Circular wave fronts are often represented by different families

of orthogonalfunctions.As an example,Zernike functionsare com-
monly used.10 This family allows the wave front distortion to be
de� ned as

w.r; µ/ D
kX

n D 0

nX

m D 0

AmnUmn.r; µ/ D
yX

h D 0

AhUh.r; µ/ (A1)

The relationship between h and n; m can be represented by

h D [n.n C 1/=2] C m C 1 (A2)

which is not a unique mapping, but is used here. The Zernike func-
tions Umn are

Umn.r; µ/ D
Rmn.r/ sin.n ¡ 2m/µ; n ¡ 2m > 0

Rmn.r/ cos.n ¡ 2m/µ; n ¡ 2m < 0
(A3)

where

Rmn.r/ D
mX

s D 0

.¡1/s .n ¡ s/!
s!.m ¡ s/!.n ¡ m ¡ s/!

r .n ¡ 2s/ (A4)

Note that only positive powers of r are retained, that is, only values
of s that result in positive n ¡ 2s are included in the summation.

These modes are orthogonal through the relationship

Z 2¼

0

Z 1

0

Um j .r; µ /Umk.r; µ/r dr dµ D ¼

2.n C 1/
± jk (A5)

over the unit circle, where ± jk is the Kronecker delta.
Figure A1 shows the Zernike functions for given m and n values.

The upper three-dimensional plot in each cell represents an actual
planar wave front if an aberration of the corresponding Zernike
function exists. Under each plot is a contour plot of the surface
indicatingthe type of pattern such a wave frontwould produce in an
interferometer.When the extremely small displacements relative to
the area of concern are recognized, the wave front distortion can be
estimated to be twice the surface displacement.A mapping between
surface shape and Zernike functions can easily be created through
application of orthogonalityprinciples.
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Fig. A1 Zernike modes.

De� ning Wave Front Aberrations Using Zernike Functions
Determination of the least-squares, best-� t Zernike coef� cients

that represent a circular wave front requires the use of intermediate
orthonormal functions. The remainder of this section is modi� ed
from Malacara et al.10 for use in this analysis.

Given N measured points with coordinates .rn ; µn/ and corre-
sponding wave front displacements W 0

n , the discrete variance Nº2

from a closed analytical function W .r; µ/ can be de� ned as

Nº2 D 1
N

NX

n D 1

[W 0
n ¡ W .rn ; µn/]2 (A6)

In the case considered here, the analytic function can be repre-
sented as a linear combination of intermediate orthonormal func-
tions NVh.r; µ/, to be de� ned later:

W .rn ; µn/ D
LX

h D 1

Bh
NVh.rn; µn/ (A7)

The least-squares, best-� t is then calculated by minimizing the
variation

@ Nº
@ Bp

D 0 (A8)

where p D 1; 2; : : : ; L , which produces

LX

h D 1

Bh

NX

n D 1

NVh.rn ; µn/ NVp.rn ; µn/ D
NX

n D 1

W 0
n

NVp.rn ; µn/ D 0 (A9)

which requires NVh to satisfy the followingorthonormalitycondition:
PN

n D 1
NVh.rn ; µn/ NVp.rn; µn/

PN
n D 1

NV 2
p .rn ; µn/

D ±hp (A10)

where ±hp is the Kronecker delta. The coef� cients Bh are

Bh D
PN

n D 1
W 0

n
NVp.rn ; µn/

PN

n D 1
NV 2

p .rn ; µn/
(A11)

Using Gram–Schmidt orthogonalization, the orthonormal func-
tions NVr can be described using the following relationship:

NVh.r; µ / D Uh.r; µ/ C
h ¡ 1X

s D 1

Dhs
NVs.r; µ/ (A12)

where h D 1; 2; : : : ; y and Ur .r; µ/ are the Zernike functions
[Eq. (A3)]. Using the ortho-normality condition [Eq. (A10)], we
can derive the coef� cients Dhs as

Dhs D ¡
PN

n D 1
Uh.rn; µn/ NVp.rn ; µn/

PN
n D 1

NV 2
p .rn ; µn/

(A13)

where h D 2; 3; : : : ; y and p D 1; 2; : : : ; h ¡ 1.
Finally, substituting Eq. (A10) into Eq. (A7) gives the follow-

ing best-� t decomposition of the wave front W .r; µ / in terms of a
corresponding linear combination of Zernike functions:

W .r; µ / D
LX

h D 1

AhUh.r; µ/ (A14)

where

Ah D Bh C Aq Dqs (A15)

and h D 1; 2; : : : ; y, q D h C 1, and Az D 0 8 z < 0. Based on this
procedure,Zernike coef� cients can be computed for arbitrary wave
front aberrations.
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