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Modeling Discontinuous Axisymmetric
Active Optical Membranes

James W. Rogers Jr.*
U.S. Air Force Research Laboratory, Wright—Patterson Air Force Base, Ohio 45433

and

Gregory S. Agnes'
Air Force Institute of Technology, Wright—Patterson Air Force Base, Ohio 45433

An active optical membrane is modeled as a laminate of inflatable structural material and piezopolymer sheets.
Etching the electrode surfaces of each layer allows for selective actuation areas, which can be used to control surface
regions independently. The analytical solution to a simplified axisymmetric system is discussed. The method of
integral multiple scales is applied to the axisymmetric active membrane model and is studied. Results for both static
and dynamic formulations are presented and indicate such a laminate can effectively deflect an optical membrane.

Nomenclature

A = circumferential cross-sectional area

[Cl, xn = system damping matrix

cy, Ca = axial, transverse speed of sound

D = flexural ridigity

dsy, dsy, d, = piezoelectricconstant

{dO)}, x1,{d, (O} <1, = displacement vector

{dv (t) }n x 1

E = Young’s modulus

EH = radial stiffness

EH,, = radial stiffness prestrain component

EH, = hoop stiffness prestrain component

EZ = radial stiffness prestrain/
unsymmetric component

EZ, = hoop stiffness prestrain/
unsymmetric component

g = independent variable

H = total laminate thickness

K(@©) = torsional edge spring (can vary
with 0)

[K s n = system mass matrix

L = Lagrangian

[M], < = system mass matrix

N; = initial axial load

N, = radial tension

N,. = tension component due to
unsymmetric laminate

N,o = cross tension component

Ny = hoop tension

{NX)}1sn» INy(X)}1 0, = shape function vector

{Nv ()C)} Ixn

q = order

R = circular membrane radius

r,0,:z = cylindrical reference axes

T = Kkinetic energy

T, = timescales

t = time
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continuous Zernike modes
displacements
applied voltage
integration volume
potential energy
discrete Zernike mode
maximum power
thermal constant
system forcing vector
detuning parameter
elastic strain
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= prestrain
n, & ¢ = spatial scales
7 = speedratio
v = Poisson’s ratio
Vi, A = eigenvectorkigenvalue pair
v = variance
0 = beam material density
o = stress
00 = prestress
Q = center frequency
Subscripts
q = order notation
, 8 = derivative with respect to variable g
Superscripts
c = composite asymptotic solution
T = transpose
" = dimensional value
Introduction

NFLATABLE space structures are the focus of current research

due to launch volume and weight constraints. The inherent com-
pliance of such materials, however, appears to limit the precision
such a structure can maintain. A reflector’s allowable error can be
related to the wavelength of the energy being reflected. An opti-
cal reflector, assuming state-of-the-art adaptive optics techniques
are implemented, requires a surface precision on the order of mi-
crometers (Ref. 1). Couple this surface precision requirement to
the large reflective area (~100 m?) and the extremely thin, flexible
structural material (~100 pm), the modeling of this system proves
challenging.

Current modeling techniques applied to inflatable reflectors in-
clude analytical and finite element approaches > Analytical methods
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provide great insight into the behavior of the system but quickly
break down when a system of realistic complexity is examined.
Approximationmethods, such as finite elements, providereasonable
solutions for complex systems beyond the capabilities of analytical
methods. Finite element methods, when applied to inflatable struc-
tures, tend to be troublesome due to the large-scale differences and
structural compliances involved. When applied to optical reflec-
tors, these methods are pushed beyond their limits. To counter these
problems, very dense grids involving a large numbers of degrees of
freedom are required. An approximation method with the flexibil-
ity of finite elements, but without the overhead resulting from its
application to inflatables, is needed.

This paperis the fourthin a series introducinga new methodology
thatmay be usefulin the analysis of weakly nonlineardiscontinuous
systems. The first two papers presented the analytical development
of a laminated piezoelectric membrane model. The analytical de-
velopment, however, was limited to continuous systems. The third
paper introduced the method of integral multiple scales (MIMS) as
a method to model discontinuous dynamic systems with extreme
high precision3~>

This method, when used in a finite element formulation, provides
an improved approximationmethod for analysis of inflatable optical
reflectors. The necessary elements of the analytical solution of the
selected problemare recalled, and MIMS is applied herein to an axi-
symmetric, two-dimensional, piezothermoelastic, laminated-plate
model representing an axisymmetric active optical membrane.

Note that the notation used in this paper was required to condense
the extremely large mathematical presentationwithoutloss of detail.
The notation, in general, follows the rule

’M
M.xy =
dxdy

ey

where M is the dependentvariable or function and the variables fol-
lowing the comma in the subscript indicates partial differentiation.
Additionally, asymptotic expansions are similarly expressed as

02 M,

My = —
- dxdy

@)

where the numeric value before the comma in the subscript indi-
cates the asymptotic order of the dependent variable or function, for
example, M, ~ O(&?). Also, the order of operations of the subscript
notation is before the exponential operator as

. (M
Misy = 0x0dy 3)

Laminated Piezothermoelastic Plate Membrane

Beam-string is accepted nomenclature for a beam model that has
such low bending stiffness that bending due to localized forcing re-
sults in localized curvaturedue to the high complianceof the system
being modeled. Similarly, a very thin membranelike system can be
modeled as a plate-membrane, where low bending stiffness results
in localized effects. To develop the necessary fundamental equa-
tions used in this two-dimensional analysis, a system Lagrangian is
needed.

Potential Energy

The potential energy of an elastic, circular plate (radius= R),
with a torsional edge spring can be defined using the strain energy
representation’

$ IAT'\ MT A AT (A SR PR N2

V=1 5{6} {o}—{e} {oo}+{e0} {0} Y+ K@) (R. 1)
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where the material’s modulus matrix [E] in a state of plane stress
can be represented as

1 D 0
- E D1 0
E:
[E] 1_920011 ) (6)
2(—v)

The addition of a torsional spring constant K ) at the edge of
the plate allows for variable boundary conditions. The caret is used
throughoutto indicatethe variableis considereda dimensional value
(prenormalization).

If we consider the radial, tangential, and transverse deflections of
a thin, circular plate are representedas i, 0 and w, respectively, the
general strain formula’ in a cylindrical coordinate frame of the neu-
tral plane in the state of plane stress, neglecting in-plane quadratic
terms, is

1
Pt =Y
gA u 2wr
. ) i1, 11,
T\ FrEtIEY @
-
" Lo s ﬁ+1A .
—u Vi == T ZWW;
Pl ’ r P

where, if we assume through-the-thicknes shear is linear during
deformation, a representationof the strain field through the laminate
can then be derived as

ﬁ+lfu% 20
r 2_r Srr
a1, 11, Ji1, 1.
é= ;+;v9+5§w9—2[§w99+;wr} (®)
. . 0 1. NEPe 1,
;ug-i-v_;—;+;w9w,—22|:;w.;é—72w91|

When Eq. (8) is applied to Eq. (4), the system’s potential energy
can be derived:

N E R R R R
V= /V {m[efr + 2€:€55 + egé + - v)yé]

A A NN Al s A, A
+0or€rr + 0gp€459 T Uo;ém} dV+ K@) (R, DN C)

To clarify, here i, v, and W are the displacements measured in the
7,0, and Z coordinate frame.

Kinetic Energy

When rotatory inertia is neglected, the plate’s kinetic energy can
be represented as

N B O
T= 5_/ A% + % + ) dV (10)
vt
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Lagrangian
Equations(4-10) can now be used here to derive the unscaledsys-
tem Lagrangian of laminated piezothermoelastic plate membrane:

EL: ~ 1’\ 1,\ 1’\
T |y W vl Fwa T W
E R 1’\ R 1 A2 . 1’\2
e~ ;(u+v_§)+ﬁw9 ol i+ S0
Ez 1. 1. 1.
| |z i |+
E 1 . 5t )t
TS| FU TV Fwibg) + 0
Ez . (1. 1.
1+ S\ FWa T mWie
E 1. . R ) R 2% 2
Sy | 7O A haby 25D ) = 05— iy
1 E . +1A2 . 2
) Uptsw; — 2w s
21 —vp2 4 2 <W,

_ %1%(9‘)@_;(1%,?)2 (11

Integrate through the thickness using

ﬁﬁ=/pd2,

Np: = /&0;(A)2 dz

—_ E ~
EH = dz, N; = | 60:(A) d?
;=2
V; =/&U§(A)d2, Ny =/&;§(A) dz
EHG,_/I = 2, EHGQ_/I ~ &g d

. E ., .
D= ;l—vzz dz (12)

The three-dimensional plate is effectively collapsed to a two-
dimensional system. Note that, if the laminate is symmetric and
all measurements are with respect to the neutral axis, then Ny =0.

Analytical Solution

An analytical solution is possible for a continuous axisymmetric
membrane. The results are presentedin detail by Rogers and Agnes®
and are summarized here. Each layer can have independentelastic,
thermal, and piezoelectric properties. Again, elastically isotropic
materialsin each layer are assumed. When axisymmetry is assumed
in loading, boundary conditions, etc., the system can be collapsed
into a one-dimensional system.

As a result of the material properties concerned and the scaling
choices used, it was shown that the in-plane equations decouple
fromthe transverseequationsthroughthe first few asymptoticlevels.
Therefore,only the transversesystem was discussed. When dynamic
behavior was neglected, the system was solved using a two-level
matching scheme resulting in the following composite solution to

O(e*):

W) =2 - ) +a3[KIi 1 (% + Eif’*)(ﬁ - 1)]

P
+e4|:72ﬁ2(1 +vWEH.,(1 — r2)i|
L K [2K-3+2v P2+EZ€3
1x=1|" k-1 2 7K

__Elf;3]<e—f - 1)} (13)

where
§=(0—-r)/e (14)

The numeric subscriptsrepresent notational elements indicating the
term’s order relative to the parameter ¢.

Figure 1 shows the transverse deflection of a piezoelectric lami-
nate plate membrane with a pressure differential and axisymmetric
edge conditions. This laminate has a 15 cm diameter, simple two-
layer constructionwith a layer of Kapton® and a layer of polyvinyl-
idine fluoride (PVDF) with the properties listed in Table 1.

An actuation potential corresponding to d3; V =—5x 1071 m
applied through prestrain [Eq. (5)] causes a significant deviation in
the center portion of the plate accounting for several wavelengths
of visible light. Optical metrology is often concerned with circu-
lar wave fronts. Because of the small deflections concerned in this
analysis, advantageous use of techniques developed for wave front
analysis will be used. Figures 2 and 3 show the change in the re-
flected wave front. Both Figs. 2 and 3 presentthe Zernike coefficients
for modes less than 16. Zernike functions provide an excellent al-
ternative for viewing actual surface shaping effects. The Appendix
presents a short overview and graphic illustration of the Zernike
functions.

Figure 2 indicates, as expected, the reflected wave front is dom-
inated by the axisymmetric modes. Figure 3 is the change in the
wave front due to actuation, which is axisymmetric because bidi-
rectionalmaterial propertieswere assumed. The effectiveboundary-
layer region is approximately O(/¢), as expected from the original

Table1 Material properties

Property Kapton Bidirectional PVDF
Modulus E, GPa 2.8 1.8
Thickness H, um 100 50

Poisson ratio v 0.34

CTE «, um/m - °C 30 140
Density p, g/cm? 1.42 1.79
Piezocoefficient d3;, pC/N —16
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Fig. 1 Axisymmetric plate deflection (nondimensional).
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Fig. 2 Axisymmetric plate Zernike deviation.
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Fig. 3 Piezoelectric actuation effect.

mathematical foundationand is considered to have a small effect on
the membrane away from this region.

This solution provides insight into the mechanical behavior of
a membrane illustrating the localized curvatures inherent in such
a compliant system. The analytic solution, however, is unable
to model discontinuous properties throughout the membrane that
would be presentin an active membrane using spatially distributed
electrode regions. A finite element method could provide effec-
tive modeling of the discrete system if the resulting precision was

adequate for optical applications. The MIMS introduced by Rogers
to derive an asymptotic finite element model can satisfy these
requirements’

Finite Element Modeling

The analytical approach already discussed derives the equations
of motion, non-dimensionalizesand scalesthem, thenapplies pertur-
bation methods to yield a solution. When MIMS is used, an asymp-
totic system of finite element equations can be produced that can
provide the desired solution> When MIMS is used, the equations of
motion derivationis bypassedto arrive at a solution that also allows
for more complex analysis through the application of finite ele-
ments. To perform a perturbation analysis of this system properly,
the Lagrangian must first be nondimensionalized. When axisym-
metric properties are applied to Eq. (11) and the first-order pressure
terms are inserted, the axisymmetric Lagrangian is formulated,

T 1, ~2 ~2 A2 E ~ 1Az L,
L=/v{§%’(“_;+v_;+w_;)—m€oé Uit Wi | vz
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+ fﬁ(ﬁ)—i—ﬁ_;ﬁ)— w_;ﬁ)df—%k(é)w_;(&t‘)z (15)
where '

€ = épp = (d3,V /1) +aT (16)

No; = Ny; (17)

N =Ny =0 (18)

These parameters were chosen assuming symmetric edge loading
and bidirectional thermoelectric properties.

To perform a perturbation analysis of this system properly, the
system must be put in nondimensional form. The following nondi-
mensional parameter scaling rules are used:

r="r/R, z= /R, u = (i/R)7n’*
w = (b/Rr*), v=(0/R), = (/R
r** = (D/R*EH)i%, P =c/e, N, = 1/7
N,. = (N;:/REH)i*, Ny = N,, N6 =0

EZ = (EZ/REH), EZ. = (EZ:/REH)i

EH., = (EH:;/EH), EH,, = (EH;/EH)i’

K () = [K(@)/REH7 (19)

where ¢, =/EH/pH and ¢; =./N;/pH are the in-plane and
transverse speeds of sound in the plate.

When Eqgs. (12) and (19) are substituted into Eq. (15) and the
spring edge conditions, that is K(6) =0 are neglected, the scaled
Lagrangian becomes

111
v [l (o) oo
1 1 1,
—EH. |\-v—v, | +EH|\u,+—-u)+-w,
r r 2
(1 P 1,
—-1-v|=-v—v,) —v|=-ulu, +=-w,
r r 2
1 1 1 1 1
_ 5<u_2r + ﬁuz + wi) — (71,{ +u, + Eu_,w_zr — gu)i)
1 1 1
— 562 (w_z” + ﬁw_z,> — Dy, (5 w_,w_,,)
1, 1
+EZy, w\U, +zw + =uw,
27 r?
1 1 1,
+EZy, —Uw,, +=w, u_,—l——wr
r r 2

+ (Nz - EZe)(%w.r + w.rr) —-P (w + %(u.rw - w.r”))} dr

(20

where

EH69=EHer» E269=Ezer» EHezEHell+EH612

EZ=EZ: + EZ;, v=EH,/EH,, 2D

The boundary-layer areas are introduced through the stretching
variables (or spatial scales):

u(r,t)y > um,&,¢,t;¢8), v(r,t) = v(n,&,¢,t;¢)
wr, t) = wn, &,¢,t;¢8) (22)

where n=r,& =r/e,and { = (1 —r)/¢ are used to derive the ana-
lytical solution. When the chain rule is appliedto r =r(n, €, ¢; €),
the differentials are transformed using

d a 1] a )
— =4 —|= = (23)
dr  dn e|d& 09¢
d2_82+2 92 92 +1 az+az 282
dr2 o e| 98dn  9Can e2| 92 9cr T agdC

(24)

The resulting Lagrangian is now a multiple scales representation
that includes the boundary region effects. In a continuous mem-
brane, an analytical solutionmay be possible where the inner scale &
should disappearleaving a solution similar to Eq. (13). The purpose
of this analysis, however, is to produce a solution for a discontinu-
ous membrane laminate. To develop a finite element representation,
the independent variables can be replaced by the assumed shape
function set and the unknown nodal displacements:

u(r,t) = {N,(N}Hd®)}, v(r, 1) = {N, (nHd(®)}
w(r, 1) = {N(r)Hd(®)} (25)

Rogers® demonstrated the advantage of assuming shape function
and displacementexpansionsat this level of the analysis, and that is
done here also. Substituting the expansions (introducing temporal
scaling)

t =wTt (26)

T,=¢"t (27)

0= +tew +w+ (28)
N@,§.¢:6) =No(n.6,0) +eN (0, £, 0)+--- (29)
Ny(1,€,858) =Ny, £,0) +eNpy(n, €, ) +--- (30)
N.(,&,¢:8) =N, &, +eNa(, ,0)+--- (31)
d(t; ) = %dr (1) + 3ds (1) + e*dy(t) + - -+ (32)
d,(t;8) = &%d5(t) + e*d oy () + %dys (1) + - - (33)
d,(t; 8) = ed,5(t) + &'d 4 (1) + d,s(t) + - - - (34)
w(n, §,¢,t6) =N@,§, 55 0)d(5 €) (35)
v(n,§,¢,t58) =N, (1,8, 85 6)d, (15 &) (36)
u@®m,§,¢,t6) =N,(0,§, ¢ 6)d, (15 ¢) (37

where wy = 1, because the original system was effectively scaled by
@y, into Eq. (20) produces a multiple scales Lagrangian expansion.
Separating the resulting expansioninto e-order groupings produces
a Lagrangian expansion:

L=¢L,+e 'L +Lo+elL;+&’Lo+--- (38)

Selecting the order of precision is equivalent to selecting an el-
ement in the energy expansion. Applying Euler’s equations to the
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selected Lagrangian element produces the system of finite element
equations to produce the desired solution. The functions produced
through the application of Euler’s equations to LL,, exists in the set
of functions produced through the application of Euler’s equations
toLL,,, where m > n.

Similar to observations made in the analytical approach, the in-
plane displacements are negligible to the order in this analysis, L.
Additionally, the axial displacements are not present in the trans-
verse displacement equations at the level of expansion presented.
Therefore, the in-plane displacements will not be considered in the
remaining portion of this axisymmetric membrane analysis.

The system matrices can be calculated by applying either of the
asymptotic shape functions previously presented’ The cubic C!
shape function expansion is repeated here for clarity:

N, 1 —5n+ 8y —4n®

N, 0

Ns n— 4’ +4n’
NT = =

N, 0

Ns 4n — 4n?

Ng —2n+6n° — 4n’

5—26n+44n* — 241> — 55 + ¢
1—5n+8n* —4n’ —e™*
—1+10n —28n* + 24> + 5 —5¢7¢

e —n+4n’ —4p’ +et
—4 4 16n — 160* +4e™* +4e~¢
2 — 120+ 24n* — 1603 —2e~5 +2¢~¢
26 — 1407 + 24852 — 1447® — 26e~¢ + 10e~¢
5—26m+ 44n> —24n3 —5¢7F +e7¢
e —10 + 761 — 1845 + 14403 + 10e~% — 26e~¢

1 —10n + 285> — 241> —e™5 + 5¢7¢
—16 + 64n — 645> + 1675 + 16¢~¢
12— 727 + 14402 — 96n° — 12¢~¢ + 12¢~¢

140 — 776 + 1424n% — 864n® — 140e~% + T6e¢
26 — 1405 + 248n* — 14473 — 26e~% + 10e~¢
5 | =76 +520n — 11687* + 864> + 76e™5 — 140e~*

J’_
¢ 10 — 767 + 184n% — 144° — 10e~¢ + 26e¢
—64 + 2561 — 25602 + 64~ + 6de~*
72 — 432 + 86452 — 57607 — T2e~ + 72e~¢
+0(@" (39)

Figure4 shows the behaviorof these shape functions. These shape
functions are as a result of selecting an ¢ value of 0.1. This value
is extremely large but provides a better illustration of the boundary
region effects.

When the cubic C! shape functions are applied and simplified,
the resulting system, with modal damping terms added, is

Myd, o + Kod, = —T'y (40)
Myds o + Kods = —T') — QoMo + My)d; 00 + Mods 1

—Kd, — Cd,, (41)
Myd, o + Kod, = —T', — QoMo + M))d5 o0 + Myd;

_K1d3 - C1d3.0 - MO [d2.11 + 2dZ.OZ + 4'a)le.Ol

+ (w% + zwz)dz.oo] —2M, (w1d2,00 + d2,01)

_M2d2.00 - K2d2 - C1d2.1 - C2d2.0 (42)

Displacement

0 0.1 02 03 04 05 06 07 08 09 1
Element Location

Fig. 4 Cubic C! shape functions, e =0.1.

The volumetric Lagrangian integral was reduced by integrating
through the thickness to the following in cylindrical coordinates:

/dA=/rd9dr (43)
A A

However, with axisymmetric assumptions, it becomes

/dA=271/rdr (44)
A r

which results in the following multiple scales integral:

/ ) f(@ryrdr

1
(ra—r1)/e (r2 —r1)/e r
=/ / / Fm, &, ¢ e)ndnedéeds  (45)
0 0 r

For simplicity of notation, the following notation will be used to
represent the multiple scales integral:

/ S, &,858) dnms

(ra—r1)/e (r2 —r1)/e r
= / / / Fm, &, ¢ e)ndnedéeds  (46)
0 0 r

The system stiffness matrices can now be computed through the
following:

K, = 271/ [GTG, + FTF,] dn, 47)
K, =27 / [G1G, +GLG, + F'F, + FiF,]
+ %DIZ[GITFI +FIG ] d,, (48)
K, = 271/ [G1G,+G'Gy +GLG, +FIF, +F'F;+ FIF,]
+ %DIZ[GITFZ +FIG, +F'G, + GIF|]

1
+ F[G{Gl] — EH,[G Gy | dus (49)
where
F; = [Ni.gs +Ni.c( - Ni.sc +2(N; - 1.ty —N;_ I-En) +Ni—2.rm]

G, = [Ni.g - Ni.c] +N;_ l.r;] (50)
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The system mass matrices are computed through

My =2n / [N NG| s (51)
M, = 27T/ [Ng-Nl +N{NO] dins (52)
M2=27T/ [N{N1+N(§-N2 +N;N0]dms (53)

ms

The forcing vectors are similarly produced:

Ty = 271/ —PN{ dus

T = 271/ [(Ns — EZA)FT — PN | dpg

oy Loy T
I =2n (N3 — EZ3)\F, +—=G, | — PN, |dns (54)
ms n

As seen in the analytical solution, the actuation manifests itself
through an axial strain term E H,, and a boundary moment term
EZ.;, which are evident here. The axial term modifies the system
stiffness, and the boundary term acts as an applied forcing term.
This system can be used to analyze systems whose solutions are
unattainable through analytical methods.

Results

Two piezoelastic laminated membrane patterns are considered
and shown in Fig. 5 with the properties in Table 1. The first pattern
consists of an electrode etching equally splitting the radius. The
second patternhas three concentricelectrodeetchingsof equalradial
lengths. More etching patterns are obviously possible, but these can
provide the necessary initial insight for more complicated design
considerations. These patterns will indicate the effect of increasing
the electrode area as well as providing concentricrings of potential
surface allowing different potentials. Both shaping and dynamic
response studies can be performed.

Shaping

The use of Zernike coefficients is a good mechanism to compare
the effects of shape modifications. Because of the extremely small
displacements present in the membranes modeled, a reflected wave
front aberration can be approximated as twice the surface displace-
ment. In the Appendix, the mapping method between wave front
aberrations and Zernike coefficients is discussed.

Several configurations are presented in Table 2, where the sign
indicates the relative voltage potentialin each area. Figure 6 shows
the result of the piezoelectric effects when configuration 0 is con-
cerned. With a continuous electrode, this model can be compared
to the analytical solution discussed earlier.

~_Pattern 1

 Pattern

Fig. 5 Piezoelastic laminated membrane etching patterns.

Table2 Membrane configurations

Configuration Pattern Area a Area b Area c
0 1 + +

1 1 0 +

2 2 0 + +

3 2 0 + -

4 2 0 + 0

Fig. 6 Configuration 0: unpressurized displacement.
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Fig. 7 Configuration 0: grid density effects.

The selected grid density, as in any finite elementmethod, playsan
importantrole in the accuracy of the solution. Figure 7 presents the
result of increasing the number of elements applied to a pressurized
membrane. It is clear that increasing the number of elements im-
proves the apparent solution, as expected. With only two elements,
the model is already close to the analytical solution. Increasing the
grid density provides results progressively closer to the analytical
solution. It is difficult to see the difference as the grid density is
increased. Figure 8 presents the boundary region effects. As the
grid density increases, the model can more closely represent the
curvature at the edge of the membrane.

Figure 9 shows both the advantage and disadvantage of this
method. The standard deviation of the error (relative to the ana-
lytical solution) across the radial section of the solution is plotted
against grid density. The method provides very good results with a
very coarse grid pattern and approachesthe analytical solutionin an
asymptoticsense. At a point, the accuracy begins to diverge from the
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desired solution. The element € represents the thickness-to-length
ratio of the element. As the boundary region expands within the
element, a pointis reached where the solution method breaks down.
However, the initial assumption that ¢ < 1 has been violated, and
the method will not produce accurate results.

The effects are found to be directly proportional to the voltage
applied. Regardless of pattern selected, increasing tension tends to
reduce the effectiveness of the actuator. This is expected, based on
previously published analytical and experimental results.’

Figure 10 shows the extension of this approach to discontinuous
electrode coverage configurations 1-4. The surface displacements
clearly indicate the localized effects. Figure 11 shows the effec-
tive difference between each configuration under a 2000-1b/n. (3.5-
kN/m) tension load and applying a potential of ds, V = 1078, The
effect of pattern placement seems to have greatesteffecton Zernike
modes 1 and 13.

Natural Response

Figure 12 shows the effects edge tension has on the dynamic
behavior of the laminate. The tension values span the expected
values of such a system. Figures 12b and 12c¢ show the effects
of varying edge tension on the natural frequencies. Because the
tension has a direct effect on the natural frequency, these are nor-
malized to the fundamental mode. As the tension is increased, the
frequencies approach the corresponding pure membrane modal fre-
quencies. Figure 12b presents the normalized frequency, whereas

Configuration 1 Configuration 2
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Fig. 10 Unpressurized piezoactuated displacement shapes.

Fig. 12c represents the ratio of the computed frequencies to pure
circular membrane frequencies. This is expected because, as the
tension gets very large, the “smallness” parameter in the analysis
approaches zero. This, in effect, eliminates the platelike behavior,
leaving purely membrane response. Figure 12a shows the effects of
varying edge tension on the dynamic mode shapes. Notice similar
results to those discussed in the preceding section. Edge tension
changes will have negligible effects over the global wave front but
significant effect on vibration frequency.

Forced Response

The forced response of an unpressurized membrane mirror is of
particular interest. When the frequency expansion w; is removed,
the system becomes

Modz.oo + Kod, = —fo (55)

M0d3.00 +K0d3 = _Fl - Mle.OO - 2M0d2.01 - Kle - Cle.O

(56)
M0d4.00 +K0d4 = _fZ - 2M1d3.00 - 2M0d3.01 - M2d2.00
_4Mld2.01 - MOdZ.ll - 2M0d2.02 - Cld3.0 - C2d2.0
—Cidy, — Kid; — Kod, (57
where periodic excitation is applied producing
=0 (58)
[y =T expli( Ty + 8T))] (59)
I = Toexpli (U Ty + 8T))] (60)

and the mass, stiffness, and damping matrices are as defined earlier.
When periodicresponse

dm = ame(Tl» T2» . ) eXP(lQTU) (61)
is assumed, Eq. (55) represents a linear eigenvalue problem:
(Ko —AMJv, =0 (62)

where A = Q2. Solutions to this equation are a set of eigenvalue,
modeshapepairs (A ;, v/,;) thatdefine the first-ordernatural response
of the system. When this resultis applied to the nextlevel [Eq. (56)],
the solution can can be attained.

Inserting Eq. (61) into Eq. (56)

a3[Ky — AMoJvs exp(iQTy) = =Ty expli (2, Tp + 8T1)]
—az[Kl + lQ/Cl - AJMI]VZJ eXp(lQITU)

—2ia,2;Myvs; , exp(i€2;Tp) (63)
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Fig. 12 Mode shape Zernike changes.

For this system to balance correctly, Q2 = Q; = Q,, removing all
but the kth mode from the first-ordersolution. The resultingequation
becomes
a3[Ko — MMolvs = =T exp(i6Th) — ax[Ki + ioCy — MM v

—2imy oMoV (64)

Furthermore, v,; can only be a function of 7} through the relation-
ship

vy = Uy (Ty) exp(i8T) (65)

for the system to balance correctly, which leaves

a3[Ko — MMolvs = =Ty — aa[Ky + i Cy — MMy — 28w Mo v
(66)
The right-hand side must lie in the null space of the adjoint of the
left-hand side. Because the left-hand side is self-adjoint, this simply

means the right-hand side must be orthogonal to the solutions from
Eq. (62):

Vsz(Fl + a2[K1 + ia)kCI - )\.le - 28a)kM0]l/2k) =0 (67)
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The only unknown here is the amplitude of the first-order

response:

7
VZkFI

V;k[Kl + ia)kCI - )\.kM] - 2(Sa)kM()]l/2k

(68)

a, =

When this value is applied back into Eq. (66), the right-hand
side now resides only in the space remaining after removal of v,;.
Because the left-hand side of Eq. (66), with A;, spans all but the
space of v,;, there is a unique solution. This equation becomes

a3[Ky — MiMylvs = B, (69)

where B, is the constant vector resulting from the insertion of the
known a, into Eq. (66). Solving for the a3 terms produces the con-
tributory responses of each mode other than ;. When this method
is used, the forced response can be approximated.

When this is applied to the earlier described unpressurizedmem-
brane, Fig. 13 shows an effective shift of the first mode, regardless
of damping. The damping values were chosen to illustrate the effect,
not imply actual known values.

Additionally, it is clear significantly higher deflections are pos-
sible dynamically than statically. This could imply a piezopoly-
mer laminate with limited effect for static shape corrections
due to the local effects it produces dynamically can provide a
significant response. This indicates a laminate design may en-
able active vibration control over the large surface area of the
reflector.

Conclusions

This paper presented the application of the MIMS to axisym-
metric laminated piezothermoelastic plate membranes. MIMS was
applied through a finite element methodology producing results
for systems more complicated than the analytical method can sup-
port. The analytical solution was presented illustrating the limita-
tions of such methods. Although some discontinuity was modeled
in the form of through-the-thickness laminate properties, the sys-
tem must be layerwise continuous, not allowing uneven electrode
coverage. The MIMS finite element solution of the axisymmetric
circular membrane was developed, which allowed partial electrode
coverage. The partial coverage allows design flexibility to tailor the
distribution as desired.

The results indicate a laminate of piezoelectric polymer material
adhered to the nonreflective surface of an inflatable optical reflector
can have a significant effect on the wave front being measured.
Several wavelengths of actuation are possible, providing a small
amount of shape control. The areas of electrode coverage can be
designed to provide the desired controllability. Additionally, this

laminate also appears to be a good candidate for active vibration
suppression of these materials.

The MIMS methodology, when applied through a finite element
approach, appears to show promise for systems that exhibit local-
ized behavior such as boundary regions. When this procedure was
used, the boundary region effects were captured without the need
for large grid densities. When the MIMS methodology is used, a
more efficient modeling capability might be created allowing more
complex analysis in a significantly reduced time period.

Appendix: Optical Modes

Optical membrane reflectors are often analyzed from a purely
structural pointof view. From a systems view, the structuralresponse
isimportant, butonly to the extentthatit impacts the overall mission.
An optical reflector, whether a thin membrane or a glass mirror, is
only as good as the wave front produced. Mechanical analysis of a
circular membrane includes the dynamic vibration modes, whereas
an optical analysis would include the wave front aberrations.

A common mathematical wave front definition using a series of
orthogonalZernike functionsis presented. A sectionis alsoincluded
that presents a method to map structural shapes to these Zernike
functions. A direct mapping is only available for continuous func-
tions. When intermediate functions,based on Zernike functions, are
used, the mapping can be accomplished.

Optical Modes

Circular wave fronts are often represented by different families
of orthogonal functions. As an example, Zernike functions are com-
monly used.!'® This family allows the wave front distortion to be
defined as

k n y
W 0) = Y Y AplUna(n0) = Y AU 0) (Al
h=0

n=0m=0
The relationship between & and n, m can be represented by
h=[nn+1)/21+m+1 (A2)

which is not a unique mapping, but is used here. The Zernike func-
tions U,,, are

R, (r)sin(n —2m)0, n—2m >0
Ui (r, 0) = (A3)
R,.(r)cos(n —2m)0, n—2m <0

where

_ . 1) (}’l _Y)' (n—2s)
Run(r) =D (=) Sl m — )\ —m —s)! (AD)

s=0

Note that only positive powers of r are retained, that is, only values
of s that resultin positive n — 2s are included in the summation.
These modes are orthogonal through the relationship

2 1
T
U, (r,0) U, (r, 0)r dr dd = ———5; A
/0 /0 (1, 0) Ui (r, O)r dr Tt D (AS5)

over the unit circle, where § ; is the Kronecker delta.

Figure A1 shows the Zernike functions for givenm and n values.
The upper three-dimensional plot in each cell represents an actual
planar wave front if an aberration of the corresponding Zernike
function exists. Under each plot is a contour plot of the surface
indicating the type of pattern such a wave front would producein an
interferometer. When the extremely small displacementsrelative to
the area of concern are recognized, the wave front distortion can be
estimated to be twice the surface displacement. A mapping between
surface shape and Zernike functions can easily be created through
application of orthogonality principles.
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Fig. A1 Zernike modes.

Defining Wave Front Aberrations Using Zernike Functions

Determination of the least-squares, best-fit Zernike coefficients
that representa circular wave front requires the use of intermediate
orthonormal functions. The remainder of this section is modified
from Malacara et al.!* for use in this analysis.

Given N measured points with coordinates (r,, 6,) and corre-
sponding wave front displacements W/, the discrete variance 12
from a closed analytical function W (r, #) can be defined as

N
P2 = % D IW = W, 6P (A6)

n=1

In the case considered here, the analytic function can be repre-
sented as a linear combination of intermediate orthonormal func-
tions V), (r, 0), to be defined later:

L
W, 0, = Y BV, 6,) (A7)

h=1

The least-squares, best-fit is then calculated by minimizing the
variation

Do (A8)
3B,

where p=1,2, ..., L, which produces
L N N
D UBY Vit 00V 0) = Y WiV, (. 6,) =0 (A9)
h=1 n=1 n=1
whichrequires V, to satisfy the following orthonormality condition:

Z::’:l Vh(rn»gn)vp(rn»gn) _
N — - 8hp (AIO)
2t V3. 6,)

where §;, is the Kronecker delta. The coefficients B, are

YN WV, 6,)

Bh = =
N V2.6,

(A11)

Using Gram-Schmidt orthogonalization, the orthonormal func-
tions V, can be described using the following relationship:

h—1
Vi(r.0) = Uy(r,0) + Y _ Dy Vi(r.0) (A12)

s=1

where h=1,2,...,y and U,(r,0) are the Zernike functions
[Eq. (A3)]. Using the ortho-normality condition [Eq. (A10)], we
can derive the coefficients D), as

> U, 6V (ra, 6,)
=
>N V2.6,
where h=2,3,...,yand p=1,2,...,h— 1.
Finally, substituting Eq. (A10) into Eq. (A7) gives the follow-

ing best-fit decomposition of the wave front W (r, ) in terms of a
corresponding linear combination of Zernike functions:

Dy = — (A13)

L
W(r,6) =Y AU, 0) (Al4)

h=1
where
A, =B, + A, Dy, (A15)

and h=1,2,...,y,g=h+1,and A.=0 Vz <0. Based on this
procedure, Zernike coefficients can be computed for arbitrary wave
front aberrations.
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